Abstract-Current mode controls have been widely used in many power converters with various topologies. Small signal equivalent circuit model is an effective tool for controller design. However, no unified equivalent circuit model applicable to various converters is available. This paper proposes a unified three-terminal switch model for current mode controls with constant frequency and variable frequency modulations operating in continuous conduction mode, providing an accurate and simple equivalent circuit for various converters using current mode control schemes. By identifying the invariant three-terminal structure in current mode control pulsewidth modulation (PWM) converters, which consists of active switch, passive switch, inductor, and closed current loop, the terminal current and voltage relationships are studied and represented by a small signal equivalent circuit. A small signal model for a current mode control PWM converter can be obtained by pointby-point substitution of the PWM switch with its equivalent circuit. The proposed model is verified by simulation and experimental results of various converters, and compared with other models to demonstrate its accuracy. The proposed model is accurate up to half of switching frequency.
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I. INTRODUCTION
G ENERALLY, since current mode controls can simplify the feedback design and improve dynamic performance [1] , [2] , current mode controls with various implementations [3] , including constant frequency peak-current mode control, valleycurrent mode control, as well as variable frequency constant ON-time control and constant OFF-time control, have been widely used in power converters controllers [4] - [9] to improve the dynamic performance.
To understand the dynamic characteristic of constant frequency current mode controls, people have studied them for more than three decades [10] - [26] , [28] . Essentially, the pulsewidth modulation (PWM) converter is a nonlinear dynamic system. Under a perturbation frequency excitation, the state variables contain the perturbation frequency and its sideband components. Since the current feedback loops do not have lowpass filters to attenuate the sideband frequencies in current mode controls, sideband components have important significance in small signal properties. Average models [10] , [11] only consider the perturbation frequency component in current feedback loop. Consequently, they cannot predict subharmonic oscillation in constant frequency modulation current mode controls. All the successful models for constant frequency current mode controls describe the sample-and-hold effect of current feedback loop. The successful models include discrete time model [12] , sample-data model [13] , and the modified average models based on the sample-and-hold concept [14] - [24] .
However, due to the failure of sample-and-hold concept in variable frequency current mode controls, these models are not applicable to variable frequency current mode controls. As shown in Fig. 1(a) , for constant frequency modulation, the inductor current error stays the same for one switching cycle till the next sampling instant. This is called the "sample and hold" effects. In variable frequency constant ON-time control, the inductor current goes into the steady state after one switching cycle and an error will always exist for the following switching cycles, as shown in Fig. 1(b) . This means that there are no similar "sample and hold" effects in variable frequency controls. To model variable frequency controls, the describing function method based on continuous time-domain analysis was introduced by [27] - [29] . As this modeling method is also applicable to constant frequency modulations, [28] provided accurate small signal models for both constant frequency and variable frequency current mode controls in a uniform way and demonstrated their fundamental differences.
For controller design, small signal equivalent circuit model is an effective form to help engineers to understand, analyze, and simulate the small signal characteristics of converters and design the feedback loop. For this reason, an equivalent circuit for the current mode control buck converter was proposed in [28] , which represents the key transfer functions of both constant frequency and variable frequency controlled buck converters, including control-to-output transfer function, audio susceptibility, and output impedance.
However, this equivalent circuit has three limitations. First, it is an incomplete small signal model for a current mode control buck converter. The equivalent circuit only represents the output port characteristics of the buck converter, but property of the input port is missed. In order to understand the interaction of converters, both input impedance and output impedance are very important for the evaluation of stability of cascading converters [25] , [26] . However, input impedance is not represented by the equivalent circuit in [28] . Second, the equivalent circuit cannot help the analysis of buck converter with an input filter since it does not consider the dynamic response of an input filter. In this case, to evaluate any transfer functions, designer has to go back to derive the describing function from time-domain waveform. This process is extremely time consuming and difficult. Third, this equivalent circuit is only for the buck converter. The equivalent circuit model for boost and buck-boost were not derived in [28] . For other topologies with current mode control, there is no equivalent circuit to simplify the analysis. In order to evaluate the small signal model for other convertersalso including the input filter or the interaction with other dc-dc converters-designer has to go through the complicate mathematical derivation based on time-domain describing function, although some of the results of the derivation related only to the output properties of boost converter and buck-boost converter were provided in [28] .
In the small signal analysis of power stage, PWM switch models [30] , [31] achieve great success for its simplicity, flexibility, and physical insight. Similar concept was used in [32] for current mode controls but the accuracy is not satisfactory in variable frequency modulations. Moreover, as some of the parameters defined by S domain transcendental function, it cannot be simulated in electrical circuit simulation tool, such as PSpice and SIMPLIS. This paper proposes a unified three-terminal switch model for current mode controls. Based on the analysis of the general terminal current and port voltage characteristics for the common subcircuit of current mode controlled converters, a linear time invariant equivalent circuit is proposed to represent small signal properties of the common subcircuit. The proposed model overcomes the limitations of [28] : first, it can be used to analyze all the transfer functions of buck converter, including input impedance; second, the impact of an input filter on the system dynamic response is included; third, it can be also used to analyze many other current mode controlled converters. In Section II, the invariant subcircuit in the current mode control PWM converter is identified and the universal current relationship is justified. Then, the terminal current and voltage relationships of constant-ON time current mode control are studied in Section III. The effect of the closed current loop is represented by equivalent electrical circuit. This three-terminal equivalent circuit is extended to peak current-mode control, valley current-mode control, and constant OFF-time control in Section IV. In Section V, the proposed three-terminal equivalent circuit is used to analyze commonly used current mode controlled converters. Simulation and experimental verification is reported. Section VI is a summary of this paper.
II. COMMON SUBCIRCUIT OF CURRENT MODE CONTROL
CONVERTERS AND ITS PROPERTY Fig. 2 shows three commonly used converters with current mode control (voltage loop is opened), where the common threeterminal subcircuit of is identified. As shown in Fig. 3 , it consists of an active switch, a passive switch and the closed current loop. The common node of active switch and passive switch connects to the inductor L s . The terminal designations a,p,c refer to active, passive, and common, respectively.
Generally, for a PWM control power converter, power flow is controlled by the ratio of switch ON-time t on and OFF-time t off . The switching period t sw is expressed by t sw = t on + t off . The steady state duty cycle D is defined by (1) , where T on and T off is the steady state ON-time and OFF-time. Since it defines an equilibrium point of the converter, irrelevant with dynamic modulation, this definition is applicable in any modulation method
Under sinusoidal perturbation with a small magnitude at frequency f m , switch ON-time or/and OFF-time have modulations ΔT on or/and ΔT off . As a result, PWM pulsating signal d(t), can be described by (2), which is the Fourier series expansion of d(t)
In (2) 
As illustrated in Fig. 4 , active switch current i a equals to i c during ON-time while it equals to zero in OFF-time. Mathematically, it is the product of d(t) and i c (t)
i a (t) consists of its dc component, perturbation frequency component, components at f = k·f sw and sideband component f = k·f sw ± f m . For the f m frequency component of i a , notated by i am , since the small signal perturbation assumption warrant that the products of last two terms of (2) and (3) is negligible with respect to the products of first two terms, so For simplicity, conventionally, modulation frequency component of a variable is notated by symbolˆ [30] . Physically, as defined in (1), D is the ratio of switch ON-time and the switching period. The small signal modulation of d can be caused by the switch ON-time modulation and switching period modulation. The total effect of both ON-time and switching period modulation will be considered in the derivation of describing function in following section since this method in based on continuous time-domain waveform.
So, (5) is rewritten as followŝ
To verify this general relationship, (6) is rewritten as a transfer functionî
As shown in Fig. 5 , verified by the SIMPLIS simulation result, the transfer function (7) is valid up to (1/2)·f sw for both constant frequency and variable frequency modulation. In each simulation circuit, a small signal perturbation is injected into control signal vc, while voltage loop is open. The transfer functionsî a /d andî c /d are measured.
Since this relationship (6) describes the universal current relationship of a PWM switch, it is valid no matter what kind of control scheme is used to generate duty cycle, including any current mode control. This property will be used in the derivation of three-terminal equivalent circuit model.
III. THREE-TERMINAL SWITCH EQUIVALENT CIRCUIT MODEL FOR CONSTANT ON-TIME CONTROL
Since the structure the three-terminal subcircuit is independent of converter topologies, the port voltage and current relationships can be studied in the circumstance of any converter. In this section, a buck converter with constant ON-time current mode control is taken as an example to illustrate development of the three-terminal switch model. The circuit diagram is shown in Fig. 6 . Voltage loop is opened in the modeling process of current loop.
In current mode controls, inductor current i L is controlled by the control signal v c , which is the output of voltage loop compensator. Inductor current is also impacted by port voltages v ap and v cp . The voltage v ap − v cp is applied to inductor during active switch ON time, while v cp is applied to inductor during active switch OFF time. So, the variation v ap and v cp change the current slopes. As the current loop is closed, both duty cycle d and inductor current i L have a dynamic response tov ap and v cp . In [28] , describing function method is used to derive control to the inductor current transfer function i L (s)/v c (s), v ap to Fig. 7 , a sinusoidal perturbation with a small magnitude at frequency f m is injected into the control signal v c ; then, based on the perturbed inductor current waveform, the describing function from the control signal v c to the inductor current i L can be found by mathematical derivation. The same method were also applied to derive the i L (s)/v ap (s) and i L (s)/v cp (s) [28] .
The transfer functions are summarized as (8) . Based on the Pade approximation, the exponential term e −sT o n can be simplified to e
In the following equations,
In (8), s n , s f denote current rising slope and falling slope. The second-order approximation form of the transfer functions are accurate up to half switching frequency. For buck converter, the inductor is connected to output capacitor and load. According to (8) , [28] proposed an equivalent circuit for the output terminal "c" is shown in Fig. 8 .
In Fig. 8 , the parameters are defined as Table I . This equivalent circuit correctly represents the inductor current property under control signal perturbation, input voltage, and output voltage perturbation, but switch current and diode TABLE I CONSTANT ON-TIME CONTROLLED BUCK CONVERTER EQUIVALENT CIRCUIT PARAMETERS current properties are missed. To correctly represent the small signal behavior of the three-terminal subcircuit in Fig. 3 , the equivalent circuit should have three corresponding terminals.
In such a three-terminal structure, if two terminal currents are correctly represented, the correctness of the third-terminal current is guaranteed by Kirchhoff's current law. Since the equivalent circuit in Fig. 8 represents the inductor property, it is a good starting point for building the three-terminal equivalent circuit. The equivalent circuit Fig. 8 is redrawn in Fig. 9 (a)-(d) step by step. First, using Thevenin's theorem, the current sources with R e are redrawn as voltage sources. Then, the voltage sources are reflected to primary side of a dc transformer with turns ratio D, which is the steady-state duty cycle defined by (1) . Finally, controlled voltage source (K in · R e /D) ·v ap is redrawn as two voltage sources: one is the input voltagev ap and the other is controlled voltage (K in · R e /D − 1) ·v ap . On the secondary side, the inductor terminal is defined as c corresponding to the circuit diagram. On the primary side, the terminal "a" and "p" are defined by the corresponding circuit diagram. Thev in controlled current sourcev in · k in in Fig. 8 is equivalently represented by input voltagev in together with an input voltage controlled voltage sourcev in · K ap in Fig. 9(d) , where K ap is defined as follows:
Since C e forms double poles with L s at f = 1/(2·T on )>(1/2)·f sw , at low-frequency range, the dc transformer secondary side current i re is approximately equal to i c . As a result, the primary side current i pri is given bŷ
Compare this equivalent circuit with the universal relationship betweenî a andî c [see (6) ], the term D ·î c is represented by the dc transformer, but the missing termd · I c is not shown in the circuit. To correctly represent this relationship, a current sourcê d · I c should be added between terminal "a" and "p." Under small signal perturbation of control voltagev c and the perturbation of input voltagev in , the output voltage has a small signal perturbationv o . Using the modeling strategy used in [28] , the three-terminal switch is taken as an entity. The describing function method is used to model control to the duty cycle transfer function. The duty cycle small signal modulation can be expressed bŷ
where Based on (11), thed · I c term is expressed bŷ
Equation (12) is expressed by combination of second-order S domain transfer functions. To obtain a simple form of equivalent circuit, (12) needs to be further simplified. Under small signal perturbation ofv c ,v ap , andv cp , the inductor voltage small signal responsev L can be easily obtained
Compare (12) and (13), it is found that they have similar dynamic terms. So, the equation ford · I c can be rearranged and expressed byv L in a simple waŷ (14) where
. According to (14) , the equivalent circuit Fig. 9(d) is modified to represent the switch current. Three branches corresponding to the terms in (14) are added between terminal a and terminal p. The complete equivalent circuit for the constant ON-time control buck converter is Fig. 10 .
When comparing the circuit diagram with the small signal equivalent circuit, the linear part in the circuit is kept the same in the equivalent circuit, and the common three-terminal structure is replaced by a three-terminal equivalent circuit. Since the previous derivation is independent of topology, this threeterminal equivalent circuit is the small signal equivalent circuit for the common structure. The three-terminal equivalent circuit model for the constant ON-time current mode control is shown in Fig. 11 .
IV. EXTENSION THE MODEL TO OTHER CURRENT MODE CONTROLS
The proposed modeling strategy can be used for other types of current-mode control structures, including peak current-mode control, valley current-mode control, and constant OFF-time control. For constant frequency modulation, an external ramp with slope s e is added to help stabilize the current loop. For constant ON-time control and constant OFF-time control, since no external ramp is needed to stabilize current loop [15] , [28] , the external ramp is not considered in the model. The circuit parameters are shown in Table II , where s n , s f , s e denote current rising slope, falling slope, and external ramp slope, respectively. This circuit can be used to illustrate the instability of the current loop.
For variable frequency modulation current mode control, the resonant frequency of L s and C e is located at a frequency higher than half of the switching frequency, which is determined by T on or T off , and the resistance of R e is always positive.
For constant frequency modulation current mode controls, the resonant frequency of L s and C e is located at half of the switching frequency. R e provides the damping for this double pole. R e could be positive or negative (but not zero), depending on duty cycle. Negative R e indicates that the current loop is unstable. External ramp can adjust R e value to stabilize current loop and achieve proper damping of the double poles at half of the switching frequency.
In practical design range, with a proper s e , R e is a relatively large resistor. The power stage double poles formed by L s and C o are split by the strong current controlling effect. One pole moves to a lower frequency. That is the reason why the system behaves like a first-order system in low-frequency range. The other pole moves to high frequency and combines with a high-frequency pole, resulting in a double pole at half of switching frequency. For peak current mode control, if D > 0.5, R e becomes negative that makes the double poles move to the right half of the plane and predicts subharmonic oscillations.
If a large external ramp is added to the current loop, the current control effect is weakened. For the external ramp s e s n ,s f , R e is reduced to a small value. Half-switching frequency double poles split and the power stage filter double poles recover. Since R e is very small, the pole related to R e and C e is much higher than half of switching frequency so that their effect is negligible within half of switching frequency. The system is degenerated as the second-order system determined by natural frequency of L s and
and primary side current branches can be simplified as follows:
Base on (15)- (17), an important property is revealed: the equivalent circuit is a unified model showing the unification of current mode control and voltage control. With external ramp increase, the current control effect is weakened. If s e s n ,s f , current feedback information is negligible, the three-terminal switch model for current mode control degenerates to a threeterminal switch mode for the power stage [30] , as shown in Fig. 12. Increasing the external ramp s e , Fig. 13 shows the degeneration of transfer function v o (s)/v c (s) from current mode control to voltage mode control predicted by the proposed model.
A proper damping should eliminate the high peaking caused by the double poles, while maintaining the flat gain of i L (s)/v c (s) to highest possible frequency. As a design guideline, designer should design external ramp to make R e ≈ L s ω 2 , so that the quality factor of the double pole Q ≈ 1.
Following this guideline, for peak current mode control, external ramp could be
For valley current mode control, external ramp could be 
Control-to-inductor current transfer function:
Solving the equivalent circuit in Fig. 8 , the control-to-inductor current trans-
For constant ON-time control, ω = ω 1 = π/T on , Q = Q 1 = 2/π. For peak current mode control, ω = ω 1 = π/T on , Q = Q 1 = 2/π. Conceptually, current feedback forces the inductor current i L follow the control signal v c at low frequency, so the transfer function is a pure gain in low-frequency range. The inductor is a nonideal current source at high frequency. For constant ON-time control, since C e and L s form the double pole at ω = π/T on , which is beyond half switching frequency, the double pole effect is negligible up to half-switching frequency in the case that duty cycle is small. Fig. 14 compares the proposed equivalent circuit model with SIMPLIS simulation result. Models from [15] and [32] are also shown. It is seen that the proposed model accurately predicts the transfer function while other models have discrepancy starting from (1/5)· f sw . In the simulation, T on = 340 nS, f sw ≈ 300 kHz. At low frequency, all these models correctly predict that the inductor current is proportionally controlled by control signal v c . The cause of high-frequency discrepancy of models [15] and [32] is that they did not realize that the "sample and hold" concept is not applicable in variable frequency modulation; thus, their assumption of having the double poles located at half of switching frequency does not hold. In fact, as predicted by the proposed model, the control to inductor current transfer function of constant on-time control has double poles at ω = π/T on , but there are no double poles at half of switching frequency. 
The control-to-output transfer function for the buck converters with constant ON-time control and peak current mode control is plotted using experimental results and the model results, as shown in Figs. 15 and 16 . For constant ON-time control, T on = 340 nS, f sw ≈ 300 kHz. For peak current mode control, 
B. Example 2: Constant OFF-Time Controlled Boost Converter
The proposed three terminal switch equivalent circuit model is applicable to many converters. Here, shows an example of boost converter with constant OFF-time control.
Control-to-output voltage transfer function: using threeterminal switch model for constant OFF-time control, small signal model for constant OFF-time controlled boost converter can be obtained by the substitution of the three-terminal where
From (22), it is clear that control-to-output voltage transfer function has a single pole at low frequency and a set of double pole at f = 1/(2T off ). The ESR zero is determined by output capacitor. Right-half-plane zero (RHP zero) frequency is the same as voltage mode control, which is inverse proportional to the input current I L .
In experiment, the parameters of the boost converter are: V in = 6 V, V o = 24 V, R L = 48 Ω, T off = 845 nS, f sw ≈ 310 kHz, and L s = 6.8 μH. Output capacitors are two aluminum electrolytic capacitor (320 μF × 2, 30 mΩ/2) combining with five ceramic capacitor (4.7 μF×5, 10 mΩ/5). The active switch is Si7850DP while synchronous rectifier is Si7850DP. All the transfer function measurements are carried out by Agilent 4395A network analyzer. The control-to-output transfer function for boost converters with constant OFF-time control is plotted in Fig. 20 , showing the experimental result and the model result. The proposed model can accurately predict the system response. 
VI. CONCLUSION
This paper proposes a unified three-terminal switch model for current mode controls, including constant frequency peakcurrent mode control, valley-current mode control as well as variable frequency constant ON-time control and constant OFFtime control. By identifying the common three-terminal subcircuit in current mode control PWM converters, which consists of active switch, passive switch and closed current loop, the terminal current and voltage relationships are studied and represented by the equivalent circuit. A small signal model for current mode control PWM converter can be obtained by simple cyclic permutation and substitution of the PWM switch with its equivalent circuit. The equivalent circuit is an all-electrical circuit model, which can be simulated in any simulation tools, such as SIM-PLIS, Saber and PSpice. Simulation and experimental results are used to verify the proposed model. The model is accurate up to half of switching frequency.
